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The two-dimensional Kondo lattie model with both nearest and next-nearest neighbor exhange
interations is studied within a mean-eld approah and its phase diagram is determined. In par-
tiular, we allow for lattie translation symmetry breaking. We observe that the usual uniform
inter-site order parameter is never realized, being unstable towards other more omplex types of
order. When the nearest neighbor exhange J1 is ferromagneti the ux phase is always the most
stable state, irrespetive of the value of the next-nearest-neighbor interation J2. For antiferromag-
neti J1, however, either a olumnar or a ux phase is realized, depending on ondution eletron
lling and the value of J2.
PACS numbers: 75.30.Mb, 71.27.+a, 75.20.Hr
The nature of the various magneti phases of heavy
fermion ompounds has been the fous of attention over
the years. Most of the analysis is based on the elebrated
paradigm of Doniah, who onjetured a phase diagram
onsisting of two possible phases, one paramagneti and
another exhibiting long range antiferromagneti order.
1
The driving mehanism behind this phase diagram is
the ompetition between the Kondo eet,
2
whih favors
paramagnetism and is dominant at strong exhange ou-
pling, and the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interation,
3,4,5
whih dominates at weak oupling and
an lead to antiferromagnetism. Partiularly interesting
is the quantum phase transition whih separates the two
phases at zero temperature and whih an be aessed by
tuning the exhange interation between loal moments
and ondution eletrons through external or hemial
pressure. This quantum ritial behavior has been in-
tensively studied experimentally
6,7,8
but a omplete the-
oretial desription is still laking.
9,10,11,12,13,14
Despite the appealing simpliity of the Doniah
phase diagram the possibility of the existene of
other kinds of phases remains. Among these we
should mention inhomogeneous magneti order,
15
or-
bital antiferromagnetism
16
and dimerization.
17
The last
possibility has been given strong numerial support in
the one-dimensional ase at quarter ondution eletron
lling.
17
It was ultimately asribed to the long-ranged
RKKY interation between loalized spins.
17
Although
dimerization is an oft-enountered instability in one di-
mension, its presene in higher dimensions is less fre-
quent. There is some (ontroversial) evidene in favor
of its existene in the frustrated two-dimensional Heisen-
berg model with both nearest- and next-nearest-neighbor
interations.
18,19,20,21
However, the long-ranged nature of
the RKKY interation makes its appearane more likely
in metalli systems with loal moments. Motivated by
this, the aim of the present study is to look for dimeriza-
tion in partiular and other forms of order with broken
lattie translational symmetry in general in higher di-
mensional models of heavy fermion materials.
The o-existene of magneti inter-site orrelations and
the Kondo eet has been investigated before using mean
eld alulations. Usually, two order parameters are on-
sidered: one desribing the loal orrelations generated
by the Kondo eet and the other onneted to non-loal
inter-site orrelations. If the inter-site orrelations break
spin SU(2) symmetry, there is a ompetition between
Kondo singlet formation and magneti ordering of some
type.
22,23,24
Alternatively, the tendeny for Kondo om-
pensation an be analyzed in a saling approah.
25,26,27
On the other hand, if the inter-site orrelations do not
break spin SU(2) symmetry, there may be the formation
of some kind of spin liquid state.
28,29,30
Flutuations be-
yond mean eld have also been onsidered in onnetion
with the quantum ritial behavior of the system.
31,32
In this study, we have allowed for the emergene of bro-
ken lattie translational symmetry in the non-loal or-
relations, without a broken SU(2) symmetry. We have
studied the eets of ondution eletron lling and both
nearest- and next-nearest-neighbor exhange interations
on the possible phases of the Kondo lattie model in two
dimensions. The inlusion of further-neighbor intera-
tions is intended to partially inorporate the long-ranged
nature of the RKKY interation between loalized mo-
ments. We have found that the usually assumed uniform
state is unstable throughout the phase diagram towards
either olumnar or ux phase order.
33,34
We have also
studied the temperature dependene of the order param-
eters. They do not seem to dier muh from the uniform
ase.
30
The Kondo lattie Hamiltonian is given by
HK =
∑
kσ
(ǫk − µ) c
†
kσckσ + JK
∑
j,αβ
Sj · c
†
jασαβcjβ , (1)
where ǫk is the band dispersion, µ is the hemial po-
tential, cjσ and ckσ are ondution eletron annihila-
tion operators in real (Wannier) and reiproal spaes
respetively, Sj is a loalized spin-
1
2
operator, and σαβ
are Pauli matries. In addition to the above terms we
also inlude Heisenberg-like interations between nearest
neighbor and next-nearest neighbor loalized spins in an
2attempt to partially apture the long-ranged nature of
the RKKY interation. Hene, the full Hamiltonian an
now be written as H = HK +HH , where
HH = J1
∑
〈jk〉
Sj · Sk + J2
∑
〈〈lm〉〉
Sl · Sm, (2)
where 〈jk〉 and 〈〈lm〉〉 denote nearest-neighbor and next-
nearest neighbor sites, respetively. In this work, we on-
sider both ferromagneti and antiferromagneti exhange
interations. The spin operators an be expressed in the
usual Abrikosov pseudo-fermioni representation
Sj =
1
2
f
†
jασαβfjβ ,
where a onstraint of single f -eletron oupany is im-
plied. The mean-eld Hamiltonian an be written by ex-
pressing the spin elds in terms of the above f -fermioni
operators and dening the following three order param-
eters
φjσ ≡
1
2
〈
c
†
jσfjσ + f
†
jσcjσ
〉
, (3)
χjkσ ≡
1
2
〈
f
†
jσfkσ + f
†
kσfjσ
〉
, (4)
χ′lmσ ≡
1
2
〈
f
†
lσfmσ + f
†
mσflσ
〉
, (5)
where j and k are nearest neighbor sites and l and m
denote next-nearest neighbors. We will fous on SU(2)
invariant states, hene none of the order parameters will
depend on σ (φjσ = φj , χjkσ = χjk, χ
′
lmσ = χ
′
lm). We
an write down the mean eld Hamiltonian as
HMF =
∑
k,σ
(ǫk − µ)c
†
kσckσ + E0
∑
jσ
f
†
jσfjσ
− 2JK
∑
j,σ
φj
(
c
†
j,σfj,σ +H. c.
)
− J1
∑
〈jk〉,σ
(
χjkf
†
j,σfk,σ +H. c.
)
− J2
∑
〈〈lm〉〉,σ
(
χ′lmf
†
l,σfm,σ +H. c.
)
+ 4JK
∑
j
|φj |
2
+ 2J1
∑
〈jk〉
|χjk|
2
+ 2J2
∑
〈〈lm〉〉
|χ′lm|
2
.(6)
We will fous on a two-dimensional tight-binding disper-
sion relation for the ondution band
ǫk = −
D
2
(cos kxa+ cos kya), (7)
whereD is the half bandwidth and a is the lattie param-
eter. The hemial potential is determined by the on-
dution eletron density n through 1N
∑
kσ〈c
†
kσckσ〉 = n
(N is the number of lattie sites) and E0 is a Lagrange
multiplier used to impose the f -eletron single oupany
(a) (b)
(c) (d)
Figure 1: Shemati piture illustrating the various possible
phases: (a) Uniform phase, (b) Dimer phase, () Columnar
phase, and (d) Flux phase.
onstraint on the average
1
N
∑
kσ〈f
†
kσfkσ〉 = 1. The free
energy an be written as
F = −2T
∑
k,α=±
ln[1 + e−E
α
k
/T ] + (E0 − µn)N
+ 4JK
∑
j
|φj |
2
+ 2J1
∑
〈jk〉
|χjk|
2
+ 2J2
∑
〈〈lm〉〉
|χ′lm|
2
,(8)
where T is the temperature and E±
k
are the non-
interating bands of the mean eld Hamiltonian (6).
In this work, we have hosen energy and length units
suh that both D and a are equal to 1. When trans-
lational invariane is not broken, φj = φ, χjk = χ and
χ′lm = χ
′
, whih we will heneforth all the uniform state.
In addition to the uniform ase, we also onsider the
dimerized state with dimers along the x-axis, the olum-
nar phase and the ux phase.
33,34
In all ases, φj and χ
′
lm
are taken to be uniform. The four phases are desribed
as follows (see Fig. 1):
(a) Uniform: All χ's are real and equal. Lattie transla-
tion symmetry is not broken.
(b) Dimers: χ is zero for bonds along the y-diretion
whereas for bonds along the x-diretion we have
χjk =
χ
2
[
1 + (−1)
j
]
.
This phase has broken lattie translational and rotational
symmetries. Another state with the x and y diretions
interhanged is degenerate and equivalent to this one.
() Columnar: χ is uniform and equal to χ for bonds
along the y-diretion whereas for bonds along the x-
diretion we have
χjk =
χ
2
[
1 + (−1)
j
]
.
This phase also has broken lattie translational and ro-
tational symmetries. By interhanging x and y dire-
tions we one again get another degenerate and equiva-
lent state.
(d) Flux Phase: All of χ's are equal in magnitude
3Figure 2: Phase diagram of the Kondo-Heisenberg model at
T = 0 as a funtion of the nearest-neighbor exhange J1 and
the ondution eletron lling n. The next-nearest-neighbor
oupling J2 = 0 and the Kondo oupling JK = 0.5.
but may have imaginary phases. The spei hoie
of these phases is not gauge-invariant.
34
However, the
ux through a plaquette is a gauge-invariant quantity. It
is given by the phase of the oriented plaquette produt∏
= χ12χ23χ34χ41 .
34
We onsider the ase depited in
Fig. 1(d), in whih
∏
= ±, staggered between adjaent
plaquettes, orresponding to uxes of ±π. This hoie
an be realized by the following gauge hoie
χjk = |χ|
for bonds along the y-axis and
χjk = (−1)
j
i |χ|
for bonds along the x-axis. The bonds now being omplex
have a denite diretion whih is shown in Fig. 1(d).
We rst study the phase diagram of the model at T = 0
by varying J1 and n while keeping J2 = 0. The Kondo
oupling is kept at JK = 0.5. This is shown in Fig 2.
We onsider both ferromagneti and antiferromagneti
values of J1. The rst thing to notie is the instability
of the uniform state, whih is usually assumed, towards
other forms of order. For antiferromagneti oupling be-
tween the loal moments the olumnar and ux phases
are the most stable, the latter ourring only for su-
iently large J1. However, when J1 < 0 (ferromagneti
oupling), the ux phase is the most stable, irrespetive
of the lling and the value of J1. The transition between
ux and olumnar phase is rst order.
We now proeed to investigate the inuene of the
next-nearest-neighbor oupling J2 between the loal mo-
ments, still at T = 0. We studied the phase diagram at
n = 0.9 and n = 0.4 (Figs. 3 and 4, respetively). We
have allowed for both antiferromagneti and ferromag-
neti ouplings between next-nearest neighbors. For fer-
romagneti J1, the ux phase is dominant irrespetive of
Figure 3: Phase diagram of the Kondo-Heisenberg model at
T = 0 with nearest-neighbor and next-nearest neighbor ex-
hange at n = 0.9 and JK = 0.5.
Figure 4: Phase diagram of the Kondo-Heisenberg model at
T = 0 with nearest-neighbor and next-nearest neighbor ex-
hange at n = 0.4 and JK = 0.5.
the value of J2. For antiferromagneti J1, olumnar and
ux phases share the parameter spae. For J1 ≤ 0.24,
only the olumnar phase is realized. For higher values
of J1, a ux phase an appear if the ondution eletron
lling is large enough, as shown in Fig. 3. At n = 0.4,
on the other hand, the most stable ground state is deter-
mined solely by the sign of J1, irrespetive of the value
of J2. In this ase, a ferromagneti J1 favors the ux
phase, whereas an antiferromagneti J1 leads to a olum-
nar phase. Again, the phase boundary between ux and
olumnar phases is a rst order line.
In Fig. 5, we show the lling dependene of the order
parameters φ and χ at T = 0, for J1 = 0.2, J2 = 0, and
JK = 0.5. In this ase, the system is always in a olumnar
4Figure 5: Filling dependene of the order parameters φ and
χ at T = 0 in the Kondo-Heisenberg model with nearest-
neighbor exhange only (J1 = 0.2) and JK = 0.5.
phase (see Fig. 2). There is a lear ompetition between
the two types of order, the Kondo eet (φ) beoming
more predominant as the system approahes half-lling.
Of ourse, this ompetition is analogous to the one pre-
dited by Doniah between a tendeny to form to loal
singlets (φ) and another one to lok loalized spins into
some kind of order. Our mean eld Ansatz is able to ap-
ture this ompetition. The predominane of the Kondo
eet as the system approahes half-lling is due to an
enhaned density of states in that region providing more
ondution eletron states to quenh the loal moments.
By ontrast, note that, for the same parameters of Fig. 5,
the uniform order parameter has a muh more redued
value and does not ompete with the Kondo eet at the
mean eld level (see Fig. 3 of Ref.
30
).
In addition, we have also studied the temperature de-
pendene of the order parameters for J1 = 0.2, J2 = 0,
and JK = 0.5. The temperature dependene has been
plotted for n = 0.8 in Fig. 6 and n = 0.4 in Fig. 7. In
both ases, the olumnar phase is the most stable from
T = 0 up to the transition temperature. Although the
two dependenes are dierent, both order parameters φ
and χ disappear at the same ritial temperature. This
same simultaneous disappearane of order had been ob-
served in previous studies of the uniform phase for similar
values of the exhange ouplings.
30
Although the nite
temperature phase transition triggered by χ ould be re-
alized in real systems, the vanishing of φ is an artifat of
the mean eld treatment.
35
Let us now pause to ompare our results with previous
studies. A mean eld Ansatz of the form onsidered here
has been investigated before,
28,29,30
without allowane for
broken lattie translation symmetry. An important on-
lusion of our results is that the uniform state onsid-
ered in these referenes is never stable. Refs. 25,26,27,
on the other hand, do onsider the eets of both near-
est and next-nearest neighbor ouplings between loal-
Figure 6: Temperature dependene of the order parameters φ
and χ (olumnar phase) at n = 0.8 in the Kondo-Heisenberg
model with nearest-neighbor exhange only (J1 = 0.2) and
JK = 0.5.
Figure 7: Temperature dependene of the order parameters φ
and χ (olumnar phase) at n = 0.4 in the Kondo-Heisenberg
model with nearest-neighbor exhange only (J1 = 0.2) and
JK = 0.5.
ized spins. Their treatment of the Kondo eet, how-
ever, is onned to a saling analysis, whih breaks down
below the Kondo sale. Our self-onsistent treatment
of the Kondo eet, by ontrast, is able to reah deep
into the Kondo singlet formation regime and thus oers
a better treatment below the Kondo sale. Finally, no
omparison has been attempted with the mean eld free
energies of phases with onventional long-range magneti
order.
22,23,24
This would determine the region of stabil-
ity of these non-uniform phases. We leave this for future
studies.
In onlusion we have studied the mean eld phase di-
agram of the two-dimensional Kondo-Heisenberg model
with both nearest- and next-nearest-neighbor exhange
5interations for various values of doping, temperature
and oupling onstants. We have observed that the uni-
form state solution is unstable towards lattie transla-
tional symmetry breaking for any value of the exhange
onstants. Depending on the values of J1, J2 and lling n,
the system realizes either a olumnar or a ux phase. The
ux phase is always stabilized by a nearest-neighbor fer-
romagneti exhange between loalized spins. When this
oupling onstant hanges sign, however, both olumnar
and ux phases an our, the latter being favored at
large J1 and n and the former appearing at small J1 and
low llings.
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